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 

Abstract-- A vertical-axis hydrokinetic turbine speed control 

system is developed that guarantees stability and performance 

properties for the entire range of operation including tracking of 

the maximum power point below rated speeds and power 

regulation above rated speed. Secondary objectives include 

explicitly incorporating a tuning method to adjust the trade-off 

between reference tracking and load transients as well as the use 

of an advanced control methodology that has a high probability 

of industry acceptance. To facilitate this, an H∞ LPV (linear 

parameter varying) controller was developed based on a physical 

model and iterative simulation based testing. This paper outlines 

the design of the controller. 

 
Index Terms—Hydrokinetic turbine, instream, zero head, 

robust control, linear parameter varying, H∞ (H-infinity). 

I.  NOMENCLATURE 

A, B, C, D : System state space matrices 

At : Turbine cross-sectional area 

c : Gearbox ratio 

CP : Coefficient of performance 

CT : Torque coefficient 

e : Speed Error 

g : Gravitational constant 

h : Height of rotor 

H∞ : Hardy space of bounded functions 

iq : Portion of stator current due to real power 

J : Equivalent polar moment of inertia of turbine system 

reflected to low speed shaft 

KG : Generator torque constant 

kV  : Linearization derivative of TH with respect to water speed 

kω  : Linearization derivative of TH with respect to rotor speed 

Ms : Peak sensitivity magnitude 

Mu : Peak control sensitivity magnitude 

PT  : Turbine power 

R : Turbine rotor radius 

TG : Generator torque 

TH : Hydraulic torque 

u : General control input 

V∞ : Undisturbed free stream velocity 

w : Disturbance 

We : Error weighting function 

Wu: Control weighting function 

β : Drive system loss proportionality constant 
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γ : Performance level 

ε : Maximum steady state error 

η : Hydraulic efficiency 

θ (t): Parameter vector 

λ : Tip speed ratio (TSR) 

ρ : Density of water 

ωb : Error weight bandwidth 

ωbc : Controller bandwidth 

ΩG : Angular velocity of generator 

ΩR : Angular velocity of turbine rotor 

II.  INTRODUCTION 

ITH rising concern over greenhouse gas emissions, the 

environment, and rising electricity demand, sustainable 

sources and environmentally friendly methods for electricity 

generation are being considered. One such source is kinetic 

energy stored in moving water such as rivers, and tidal 

streams. The leading technology for exploitation of this 

resource is the hydrokinetic turbine. These turbines share 

many similarities with wind turbine technology and have 

benefited from the many years of advancement in that industry 

including the variable speed nature of turbines for optimal 

energy extraction. However, significant differences from wind 

also exist such as lower tip speed ratio ranges, cavitation limits 

and the requirement to deal with harsh marine environments. 

This work addresses the problem of turbine speed control 

over the entire operating envelope for an unducted, fixed 

pitch, variable-speed, vertical axis, 5 kW hydrokinetic turbine. 

This is a very complex problem involving a highly nonlinear 

plant with a wide operating range that is open loop unstable 

and non-minimum phase over a significant portion of the 

operating envelope. First, a mathematical model of the plant is 

generated from physical principles. Then, a nominal H∞ LPV 

controller is developed, including identification of control 

objectives and generation of a control strategy. 

III.  VERTICAL AXIS HYDROKINETIC TURBINE MODEL 

A.  Turbine Model 

The 5kW hydrokinetic turbine is shown in Fig 1. In the 

development of a physical system model, dynamics of the 

mooring and floatation systems are neglected and it is 

assumed that the turbine is fixed rigidly in space during 

operation. It is also assumed that a single scalar representation 

of the effective average flow velocity (whether as specified 

during simulation or based on velocity meter measurement) is 

valid due to the small rotor size. 
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Fig. 1: 5kW hydrokinetic turbine test system (floatation platform) 
 

The electric generator and power electronics subsystem 

dynamics are neglected since they are orders of magnitude 

faster than the turbine dynamics. Finally, since this control is 

for grid-tied distributed-generation applications, we can 

assume that the required electrical load is always available for 

control purposes. That is, the grid acts as an infinite sink, as 

opposed to grid isolated, or central power generation cases. 

A schematic diagram of the turbine system, as well as free 

body diagrams of the low speed and high speeds systems, are 

shown at the left, center and right in Fig. 2 respectively.  
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Fig. 2: Generalized system (left), FBD low speed system (center), FBD high 

speed system (right) 

 

A hydraulic torque is imposed on the rotor by the water 

passing through it. This torque passes through the low speed 

shaft to a step up gearbox. The reduced torque passes through 

the high speed shaft to a permanent magnet generator (PMG) 

that supplies the reaction torque. By combining the high speed 

and low speed systems the equation of motion with respect to 

the low speed shaft can be written as, 

J  

ΩR
 = TH - β  ΩR - c  TG .                (1) 

The torque of a PMG is proportional to the stator current 

for resistive loads [16] where the proportionality constant is 

known as the generator torque constant KG, 

TG = KG  iq.                                  (2) 

Substituting (2) into (1) gives the model with respect to the 

control input iq, 

J  


ΩR
 = TH - β  ΩR - c  KG  iq .                           (3) 

Turbine performance characteristic is normally expressed in 

terms of the coefficient of performance (or hydraulic 

efficiency), 

CP = PT / (½  ρ  At  V∞
3
)                                        (4) 

as well as the torque coefficient 

CT = TH / (½  ρ  At  R  V∞
2
).                                        (5) 

Both CP and CT are demonstrated through experiment to be 

functions of the hydrofoil Reynolds number (based on chord 

length) and tip speed ratio (λ) ([10], and [13]). The TSR is 

defined as the ratio of the rotor tangential velocity to that of 

the free stream  

λ = 

V

 RR




.                                                               (6) 

The Reynolds number dependency is due mainly to the 

sensitivity of hydrofoil lift and drag characteristics on 

Reynolds number (as demonstrated in [13]). Thus CP and CT  

can be assumed invariant with respect to Reynolds number for 

the purposes of control design (for a fixed turbine size). A 

representative plot of CP and CT versus TSR is shown in Fig. 

3. 

 
Fig. 3: Coefficients of performance and torque versus tip speed ratio 

 

It is important to note that CP and CT  are quantified through 

experiment by averaging over one or more rotor rotations at 

steady operating points. This effectively removes any dynamic 

flow interactions from the data. In fact, there is significant 

cyclic pulsation in the hydraulic torque which could 

potentially have a destabilizing effect on any control system. 

This pulsation is highly dependent on turbine geometry and 

operating point. 

B.   Linearization of the Equation of Motion 

Equation (3) is a first order dynamic system where iq is the 

input variable to be controlled. The disturbance enters through 

the hydraulic torque term and is caused by flow disturbances 

as seen by solving (5) for TH 

TH = ½  ρ  At  R  V∞
2
  CT(λ).                                       (7) 

The expression for hydraulic torque requires linearization. The 

torque coefficient is a function of the tip speed ratio λ alone, 

and is thus completely specified by the turbine speed and 

water speed (R
, V

). Here the symbol “¯” denotes the 

nominal operating point of a variable, and “^” denotes 

deviation of a variable with respect to that operating point. 

Perform a multivariable Taylor Series expansion about an 

equilibrium point for the hydraulic torque in (7) and simplify 

(ignoring higher order terms) to get 


TH  = V kΩ k VRω 



                                             (8) 

kω = |
)V,( 

R

HT





R

 =  fω (R
, V

)                      (9) 

kV = |
)V,( 

H

V

T





R

=  fV (R
, V

)                     

(10) 
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To find these derivatives, an expression for CT(λ) is 

required. A quadratic approximation of the form 

CT(λ) = a  λ
2
 + b  λ + c                                                  (11) 

was found to fit the data well over the required portion of the 

operating range as demonstrated in Fig. 4. Substituting (11) 

into (7), the unknown derivatives kω and kV can be found 

kω = ρ  R
3
  h  a 










 R
    R V   

a  2

b
                            (12) 

kV = -ρ R
3 

h a *… 

















 
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.             (13) 

 
Fig. 4: Comparison of quadratic approximation for CT and test data 
 

Finally, substitute (12) and (13) into (8), with the result put 

into (3), and denote variable deviations around the equilibrium 

point to define the linearized equation of motion 

J  



Ω  R

 = V kΩ k VRω 



  - β  ΩR



 - c   KG  iq



  (14) 

C.  LPV Model 

The LPV general model form (outlined in [2]) is 


x  = Am(θ)  x + Bm1(θ)  w + Bm2(θ)  u 

y = Cm  x + Dm  u. 

Note that in general Am(θ), Bm1(θ) and Bm2(θ) are time varying 

matrices parameterized by the vector of time varying 

parameters θ(t). Thus for any given trajectory of θ(t), the LPV 

system is a linear time varying system. Moreover, in the case 

of a constant vector θ, the LPV system is reduced to linear 

time invariant. The linearized dynamic system is now 

expressed as the LPV model 

            





x  = Am(θ)  x


 + Bm1(θ)  V



 + Bm2(θ)  iq



 

            y


 = Cm  x


 + Dm  iq



 . 

(15) 

The control variable is chosen as the load current and the 

feedback variable is chosen as the turbine speed. Thus, the 

state, input, output, disturbance, and parameter vector are 

x


 = ΩR



 ; u


 = iq



; y


 = ΩR



, w = V



, θ = [R
, V

]
T
 

Because the disturbance variable, w, is a deviation variable, 

it has the physical interpretation of turbulence, not mean water 

speed. In the present case, the plant is first order, reducing 

Am(θ), Bm1(θ), Bm2(θ), Cm and Dm to scalar values. Thus, 

comparing (21) with (24) we get Am(θ) = (kω- β) / J; 

Bm1(θ)=kV / J; Bm2 = - c  KG / J; Cm = 1; Dm = 0 

IV.  CONTROLLER DESIGN 

A.  Control Problem 

The control problem is a challenging one due to the 

nonlinear and time varying plant over which only a portion of 

the operating range is open loop stable. The main plant 

nonlinearities are twofold. The first is due to the quadratic 

dependency of hydraulic torque on flow velocity (as shown in 

(7). The second is due to the shape of the torque coefficient 

versus tip speed ratio curve demonstrated in Fig. 4. Both of 

these nonlinearities become inconsequential if the plant 

operation can be restricted to a small range of water speeds 

and TSR’s, however, this is unrealistic in practice. The turbine 

is designed to operate between free stream velocities of 1.5 

m/s and 3.25 m/s, covering a broad range of seasonal and daily 

flow variations found in a large number of rivers and tidal 

streams. As well, turbulence and operation under power 

regulation cause significant deviations in the TSR, even to 

open-loop unstable operation. 

The boundary for open loop stability is the peak of the 

torque coefficient curve, with the right portion denoting stable 

operation. This is also the boundary for minimum phase (right 

portion) and non-minimum phase operation (left portion). 

B.  Control Objectives 

To develop control system objectives consideration of the 

variable speed turbine system advantages, power quality and 

unique marine environment were undertaken. The control 

system objectives are stated as follows. 

Obj 1.  Maximize energy capture 

Obj 2.  Allow for power output smoothing. 

Obj 3. Allow for power regulation above rated turbine 

speed. 

Obj 4. Minimize cavitation effects  

Obj 5. Alleviate torque and force transients in both the 

turbine and mooring systems. 

Obj 6. Induce desired system dynamics and stability over 

the required operating range 

For Obj. 1 and Obj. 5, the intent is to reduce the cost of 

electricity and maximize fatigue life. For Obj. 2, power output 

smoothing is desired from a power quality perspective 

(specifically flicker constraints). Cavitation mitigation can be 

accomplished in part by slowing the rotor to reduce the 

relative blade velocities, and consequently hydrofoil peak 

suction pressures. As flow velocities go above rated speeds it 

is desirable to generate power as long as possible before 

shutting the system down due to high flow speeds. It must be 

noted that hydrofoil relative velocity magnitude decreases 

accomplished by reduction of turbine speed (even though the 

peak angle of attack is higher at low TSR’s) are more effective 

for cavitation reduction than increasing the turbine speed (and 

thus relative velocity magnitude) in an attempt to reduce the 

peak angle of attack. 

Due to reliability constraints, power regulation is more 

effectively achieved by control (as opposed to blade tilting 
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mechanisms, etc) by decreasing rotor speeds as the rated flow 

speed of 3 m/s is reached. This effectively causes a decrease in 

extraction efficiency thereby maintaining operation at the 

rated power output. 

C.  Control Strategy 

We will begin by outlining the four regions of operation for 

the turbine system (show in Fig. 5). In Region 1 (from 0 to 1.5 

m/s), the turbine is shutdown as operation is not economical 

when considering wear on components for the corresponding 

low power output. The cut in speed is the water speed at which 

the turbine begins operation and is shown at point “a” to be 

1.5 m/s.  

Region 2 operation (from 1.5 m/s to 2.9 m/s) is where the 

turbine is made to run at its maximum power point for optimal 

energy extraction (shown in Fig. 5 and Fig. 6). There are many 

possible strategies to achieve this (for instance, tracking the 

peak efficiency tip speed ratio, torque tracking, etc). 
 

 

Region 1 Region 2 

Region 3 

Region 4 

a . 

b . 

 

. . 
c d 

 
Fig. 5: Control Strategy and regions of turbine operation 
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Fig. 6: Control Strategy example to turbine speed versus output power plane 
 

A tradeoff exists between tight tracking of the peak power 

curve and increased drive train loads ([4], [12] and [14]). In 

fact, tighter reference tracking is only achieved through 

stronger load torque action. Thus perfect tracking is not 

necessarily desired. The method used to track the maximum 

power point is to maintain turbine operation at the tip speed 

ratio corresponding to maximum efficiency (this is a constant 

value for the range of flow velocities).  

In Region 3 (from 2.9 m/s to 3.0 m/s) the turbine is made to 

run at a constant speed. While some control strategies 

eliminate this region, it presence significantly reduces 

overshoot during transitions between operation during 

maximum power (Region 2) and power regulation (Region 4). 

The red lines in both Fig. 5 and Fig. 6 denote the locus of 

points for the idealized control strategy. Note that the flow 

velocity is a stochastic variable continuously trying to force 

operation off the control strategy locus. 

In Region 4 (3.0 m/s to 3.25 m/s) the power output is 

limited to the rated power of the system. Power regulation is 

achieved by reducing the turbine rpm as flows increase past 

the rated flow speed. Note that “constant-power” regulation 

will be employed in the present work as flow velocities 

increase from point “c” to point “d” as shown in Fig. 5. There 

are advantages to reducing the power output in Region 4, such 

as with linear power reduction or constant torque operation, 

since torque pulsation magnitude increases at lower tip speed 

ratios, though at the expense of reduced output.  

At a flow velocity of 3.25 m/s the turbine is shutdown for 

protection purposes. 

D.  Controller Synthesis 

Two main disadvantages to traditional gain scheduling are 

that switching or interpolation between controllers is not 

straightforward (and is rarely treated in literature) and stability 

and robustness are not guaranteed for the corresponding 

closed loop system over the full operating range. 

However, formulating gain scheduling problems in the 

framework of LPV systems removes these drawbacks by 

combining the controller design and scheduling algorithm into 

a single well defined design step, as well as guaranteeing 

performance and stability properties for the closed loop 

system. Controller synthesis is cast into a convex optimization 

problem with linear matrix inequalities (LMI) for which 

several well developed numerical algorithms are available 

(details can be found in ([1], [2], [3], and [6]).  

The control variable has been chosen as the load current and 

the feedback variable as the turbine speed. The vector of 

parameters is chosen as θ = [ɋR
,V 

] which completely 

specify the operating point. 

Given the linearized LPV description of the plant in (15), 

the next step in the design process is to define the so-called 

input “w”, output “z” pairs or performance variables that 

represent the control objectives.  

Objective 1 (maximize energy capture) is carried out by 

tight tracking of the maximum power point curve shown 

denoted by region 2 in Fig. 5.  

Control objectives Obj. 3 (provide power regulation) and 

Obj. 4 (reduce cavitation) are carried out through choice of the 

control strategy by reducing the turbine rpm as flows exceed 

the rated flow velocity of 3.0 m/s. For Obj. 3, this corresponds 

to reducing the tip speed ratio in Fig. 4 to a point that reduces 

the system efficiency enough that only the rated 5 kW of 

power is produced. For Obj. 4, the effects of cavitation are 

reduced as turbine speeds are decrease since the hydrofoil 

relative water velocity magnitude and therefore peak suction 

pressures are reduced. 

Objective 2 (power output smoothing) and Obj. 6 (induce 

desired system dynamics) are related to Obj. 5 (reduce load 

transients) since the load current is the control variable. In the 

present work where a first order model of the plant is 

assumed, the load torque (or generator torque TG = KG  iq ) can 

be viewed as an approximation of the turbine shaft torque. 

Thus ensuring smooth changes in the control variable iq 

corresponds to fulfillment of these three objectives. Therefore, 

the disturbance “w” in the problem setup is chosen as the 
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turbine speed reference and the performance variables are the 

weighted error and the weighted control. A two port diagram 

of the augmented plant in the interconnected system (showing 

the problem setup) is shown in Fig. 7. 

 
Fig. 7: Two port diagram with weighting functions 

 

It is important to note that this is used for the controller 

synthesis only, to facilitate the minimization procedure in 

solving for the controller. 

The weighting functions are now specified to define the 

tradeoff between tight reference tracking and torque pulsation 

magnitude. We(s) is the sensitivity (or error) weight. Good 

control design should result in a sensitivity function satisfying 

both band width ωb and peak sensitivity Ms requirements 

represented as, 

We = Gwe



















k
b

b
k

s

εωs

ω
M

s
k

                                      (16) 

where ε is maximum steady state error to a step input, Gwe is a 

gain factor and k is the order of the filter (higher for steeper 

role off) [9]. The magnitude of the sensitivity function is 

desired to be small at low frequencies where the magnitudes 

of the reference and disturbance are large. Thus, We(s) 

amplifies low frequency components of the reference during 

the optimization to give good low frequency tracking 

performance. A similar reasoning is employed for the control 

sensitivity function to roll off as quickly as possible beyond 

the desired control bandwidth to reduce the effects of noise. 

Thus the control sensitivity weighting function Wu(s) is 

Wu = 





















ω s  ε

M

ω
 s

bc
m

k
u

bc

m

                                         (17) 

where Mu is the peak control sensitivity, ωbc is the controller 

bandwidth and m is the filter order (higher for steeper roll off). 

Iterative testing to find appropriate values for these weighting 

functions was carried out resulting in a very good tradeoff 

between reference tracking and torque transients. The 

frequency response for the error and control weighting 

functions used in the present work are given in Fig. 8. 

 
Fig. 8: Frequency response for error and control weighting functions 
 

With the input and performance variables chosen, and the 

weighting functions specified, the equations for the augmented 

plant can be written in standard form. Let the state space 

representation of We(s) and Wu(s) be denoted by (Awe, Bwe, 

Cwe, Dwe) and (Awu, Bwu, Cwu, Dwu) respectively, with the state 

space representation of the plant given in (15). The 

augmented-plant state-space description can be written 

P(θ) = 




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Note,  

D22 = -Dm = 0 

B2 = [0  Bwe  0  Dwe], and does not depend on θ 

C2 = [-Cm  0  0  0  ], and does not depend on θ 

D12 = Dwu , and does not depend on θ 

D21 = I, and does not depend on θ . 

Finally, the region in which the parameters vary must be 

specified. Since the parameters θ1 = ɋR
, θ2 = V 

 completely 

specify the operating point, the locus of possible operating 

points is determined by a convex region (shown in red in Fig. 

9, and denoted by three vertices v1, v2, and v3) that is large 

enough to contain the control strategy (in blue) and account 

for operating point deviations during turbulent flow variations.  

 
Fig. 9: Convex region of possible operating points 

 

It is interesting to note that the control strategy can be 

changed without the need to redesign the controller as long as 

v1 

v2 

v3 
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it lies inside the polytope [8]. 

MATLAB was used to solve for the controller using built in 

functions from the Robust Control Toolbox [11].  An m-file 

was generated to carry out the control synthesis and Simulink 

models were generated for iterative testing to tune the control 

system for a final performance level of γ = 1.40. 

In our problem we note that the plant matrices are affine in 

the parameters and the region of possible operating parameters 

is a convex polytope. No restrictions have been placed on the 

rate of variation of parameters and thus the search for 

Lyapunov matrices are restricted to the set of constant 

matrices [8]. Finally we note that B2, C2, D12, and D21 are 

parameter independent, resulting in a solution and 

implementation that becomes very practical. In this case both 

the set of unknowns and the set of LMI’s become finite 

dimensional. As well, it is sufficient to check the LMI’s at the 

vertices of the polytope [1]. The general procedure is 

1. The vertex controllers (control matrices at each vertex in 

the convex polytope) are solved offline and stored. 

2. The parameter vector is measured in real time and the 

convex decomposition of θ(t) calculated online 

θ(t) = ∑ αi θvi(t) 

where θvi are the vertices of the polytope , αi > 0,  

and ∑ αi = 1.  

3. Finally the controller matrices for each control period are 

calculated from a linear combination of the constant vertex 

controller matrices 

Ac(θ) = ∑αi(θ) Aci ; Bc(θ) = ∑ αi(θ) Bci 

Cc(θ) = ∑ αi(θ) Cci ; Dc(θ) = ∑ αi(θ) Dci  

where the Aci, Bci, Cci, and Dci are the vertex controller 

matrices. 

A turbine speed reference signal generator is implemented 

for simulation as well as field testing. The signal generator 

automatically calculates the turbine speed reference based on a 

measurement of the water speed. For Region 2 operation, the 

tip speed ratio corresponding to maximum extraction 

efficiency is constant and known from the turbine 

manufacturers’ performance information (in Fig. 4). Thus the 

turbine rpm corresponding to optimal power output can be 

calculated based on a flow speed measurement using (6). For 

Region 4 operation the water speed measurement is used in 

conjunction with the known Cp characteristic as well as (4) 

and (6) to calculate the rpm at which rated power is delivered. 

This method of reference generation is known as tip speed 

ratio control. The closed loop implementation of the control 

system is shown in Fig. 10. 

 
Fig. 10: Closed loop implementation of the H∞ LPV controller 

V.  RESULTS 

In this paper a physical model of a 5kW hydrokinetic 

turbine was developed from physical principles. A turbine 

variable speed control system strategy as well as control 

objectives were outlined. Finally, an H∞ LPV controller was 

designed and synthesized. Simulation based and field test 

results are not presented here, but are outlined in [14]. 
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